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Abstract 



Let A\,...,Am be complex selfadjoint matrices and let p be a density matrix. The Robertson 
uncertainty principle 




gives a bound for the quantum generalized covariance in terms of the commutators [Ah, Aj]. The 
right side matrix is antisymmetric and therefore the bound is trivial (equal to zero) in the odd case 
N = 2m+ 1. 

Let / be an arbitrary normalized symmetric operator monotone function and let {■, -) p j be the 
associated quantum Fisher information. In this paper we prove the inequality 



that gives a non-trivial bound for any TV £ N using the commutators [p, Ah]- 
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1 Introduction 

Let (V,g(-, •)) be a real inner-product vector space and suppose that Vx, ...,i>iv £ V. The real N x N 
matrix G :— {g(vh,Vj)} is positive semidefinite and one can define Vol fl («x, ...,i>jv) := \/det{g(vh, VjJ}- 
If the inner product depends on a further parameter in such a way that <?(•,•) = ,g p (-,-), we write 
Vol 9 (vx,~.,v N )=Vol 9 p {vx,...,v N ). 

As an example, consider a probability space (Q, S, p) and let V = S, p) be the space of square 

integrable real random variables endowed with the scalar product given by the covariance Cov p (A, B) := 
Ep(AB) — Fip(A)E p (B). For Ax, A n £ £jjj(f2, S,p), G is the well known covariance matrix and one has 



The expression det{Cov p (A/ t , Aj} is known as the generalized variance of the random vector {Ax, An) 
and, in general, one cannot expect a stronger inequality. For instance, when N = 1, (jl.ljl just reduces 
to Varp(A) > 0. 

In non-commutative probability the situation is quite different due to the possible non-triviality of 
the commutators [A^, A,]. Let M n>sa := M„ jSa (C) be the space of all n x n self-adjoint matrices and 
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Vo$ ov (Ax,...,A N )>0. 



(1.1) 
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let D\ be the set of strictly positive density matrices (faithful states). For A,B£ M n>sa and p £ 
define the (symmetrized) covariance as Cov p (A,B) := l/2[Tr(pAB) + Tr(pBA)] - Tv(pA) ■ Tr(pB). If 
A\, An are self-adjoint matrices one has 



Vol9 m (A 1 ,...,A tf ) > i , " (1.2) 

|Tr(p[A,^])}i iV = 2m. l ^ 

Let us call (|1.2p the "standard" uncertainty principle to distinguish it from other inequalities like the 
"entropic" uncertainty principle and similar inequalities. Inequality (|1.2[) is due to Heisenberg, Kennard, 
Robertson and Schrodingcr for N = 2 (see [T5JQ2] [25J [3D]). The general case is due to Robertson (see 
[25] ) . Examples of recent references where inequality (|1.2p plays a role are given by [3T] [32] [33] [1] [3] 

BSI- 

We are not aware of any general inequality of type (|1.2p giving a bound also in the odd case N = 
2m +1. If one considers the case N = 1, it is natural to seek such an inequality in terms of the 
commutators [p, A,-]. 

The purpose of the present paper is to proof an inequality similar to (|1.2p but not trivial for any 
iV e N. Let 2r ov be the family of symmetric normalized operator monotone functions. To each element 
/ £ J p one may associate a p-depending scalar product (•, ■) p j on the self-adjoint (traceless) matrices, 
which is a quantum version of the Fisher information (see [IS]). Let us denote the associated volume 
by Vol£. We shall prove that for any N £ N + (this is one of the main differences from (1.2)) and for 
arbitrary self-adjoint matrices A\ 1 j4/v one has 




N = 2m+1, 



VolS^^i,...,^)^ 



N_ 

HWj 2 Vol f p (i[p,A 1 },...,i[p,A N }). (1.3) 



The cases N = 1, 2, 3 of inequality (|1.3p have been proved by the joint efforts of a number of authors 
in several papers: S. Luo, Q. Zhang, Z. Zhang ([2D] [2T] [Mj [22] E3J); H. Kosaki ([IS]); K. Yanagi, S. 
Furuichi, K. Kuriyama ([34 ); F. Hansen ([H]); P. Gibilisco, D. Imparato, T. Isola ([HJ [5J[7]). 

The scheme of the paper is as follows. In Section [2] we describe the preliminary notions of operator 
monotone functions, matrix means and quantum Fisher information. In Section [3J we discuss a corre- 
spondence between regular and non-regular operator monotone functions that is needed in the sequel. 
In Section 3] we state our main result, namely the inequality (|1.3p ; we also state other two results con- 
cerning how the right side depends on / € J ov and the conditions to have equality in (jl.3p . In Section [5] 
we prove the main results. In Section [5J we compare the standard uncertainty principle with inequality 
(1.3). In Sections [7] [5J and [3] we prove some auxiliary results. 



2 Operator monotone functions, matrix means and quantum 
Fisher information 

Let M n := M n (C) (resp. M n ^ sa := M n>so (C)) be the set of all n x n complex matrices (resp. all n x n 
self-adjoint matrices). We shall denote general matrices by X, Y, ... while letters A, B, ... will be used for 
self-adjoint matrices, endowed with the Hilbert-Schmidt scalar product (A,B) — Tr(A*B). The adjoint 
of a matrix X is denoted by X^ while the adjoint of a superoperator T : (M n , (•, •)) — > (M n , (•, •)) is 
denoted by T* . Let D n be the set of strictly positive elements of M n and D„ C D n be the set of strictly 
positive density matrices, namely = {p £ M n \Tip = 1, p > 0}. If it is not otherwise specified, from 
now on we shall treat the case of faithful states, namely p > 0. 

A function / : (0, +oo) — > R is said operator monotone (increasing) if, for any n £ N, and A, B £ M n 
such that < A < B, the inequalities < f{A) < f(B) hold. An operator monotone function is said 
symmetric if f(x) = xf(x^ 1 ) and normalized if /(l) = 1. 

Definition 2.1. J ov is the class of functions f : (0, +oo) — > (0, +oo) such that 

(0 /(I) = h 

(it) tfit- 1 ) = f(t), 
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(iii) f is operator monotone. 

Example 2.1. Examples of elements of J ov are given by the following list 
fRLD(x) := gt, fwY(x) := (^) 2 , 

fsLD(x) := ±±£, fwYD( )(x) := - (3) {att \f- $ _ x) , /3e(fJ,±). 

We now report Kubo-Ando theory of matrix means (see [TH]) as exposed in [2"7| . 

Definition 2.2. ^4 mean /or pairs of positive matrices is a function m : B n x D n — > D n smc/i i/ia£ 
(fy m(A,A) = A, 
fii; m(A-B) = m(5,A), 
(mj A < B =*> A < m(A, B) < B, 
(vi) A < A', B < B' =>> m(A, B) < m(A', B'), 

(v) m is continuous, 

(vi) Cm(A,B)C* < m(CAC*,CBC*), for every C € M n . 

Property (vi) is known as the transformer inequality. We denote by M op the set of matrix means. 
The fundamental result, due to Kubo and Ando, is the following. 

Theorem 2.1. There exists a bijection between M op and 3^ given by the formula 

m f (A,B) :=Aif(A-iBA-i)Ai. 
Example 2.2. The arithmetic, geometric and harmonic (matrix) means are given respectively by 

AVB := i(A + B), 

A#B := Ai{A-iBA~i)iAi, 
A\B := 2(A- 1 +B- 1 )- 1 . 

They correspond respectively to the operator monotone functions , y/x, . 

Kubo and Ando |19j proved that, among matrix means, arithmetic is the largest while harmonic is 
the smallest. 

Corollary 2.2. For any f £ $ op and for any x. y > one has 

2x „ , . 1 + x 
< f{x) < 



\ + x~ Jy ' ~ 2 ' 

2xy . x + y 

< m f [x,y) < ——. 



x + y 



In what follows, if INT is a differential manifold we denote by T p J{ the tangent space to ZNT at the point 
p e N. Recall that there exists a natural identification of TpD* with the space of self-adjoint traceless 
matrices; namely, for any p € 

T p Vl = {Ae M n \A = A* , Tr(A) = 0}. 

A Markov morphism is a completely positive and trace preserving operator T : M n — > M m . A 
monotone metric is a family of Riemannian metrics g = {g n } on {I 1 ^}, n G N, such that 

g™ (p) (TX,TX)<g n p (X,X) 

holds for every Markov morphism T : M n — > M m , for every p € D\ and for every X <= TpD„. Usually 
monotone metrics are normalized in such a way that [A,p] = implies g p (A,A) = Tr(p~ 1 A 2 ). A 
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monotone metric is also said a quantum Fisher information (QFI) because of Chentsov uniqueness 
theorem for commutative monotone metrics (see [5]). 

Define L P (A) := pA, and R P {A) := Ap, and observe that they are commuting self-adjoint (positive) 
superoperators on M n>sa . For any / S 5F p one can define the positive superoperator mf(L p , R p ). Now 
we can state the fundamental theorem about monotone metrics. 

Theorem 2.3. (see J2S$) 

There exists a bijective correspondence between monotone metrics (quantum Fisher informations) on 
D„ and normalized symmetric operator monotone functions f £ Jop- This correspondence is given by 
the formula 

(A,B) pJ :=Tz{A.mf{L p ,R p )-\B)), 

The metrics associated with the functions fp are very important in information geometry and are 
related to Wigner-Yanase-Dyson information (see for example [8] [9] [10] [11] [12] [5] and references 
therein). 



3 The function / and its properties 

For / £ 1 op define /(0) := lim x ^o f( x )- The condition /(0) ^ is relevant because it is a necessary 
and sufficient condition for the existence of the so-called radial extension of a monotone metric to pure 
states (see [H]). Following [T3] we say that a function / £ J op is regular iff /(0) ^ 0. The corresponding 
operator mean, associated QFI, etc. are said regular too. 



Definition 3.1. We introduce the sets 

:= {/ e ? op | /(0)#0}, T 

Trivially 0116 llRS ^ op 
Proposition 3.1. [5] For f £ and x > set 



{/e? op | /(0) = 0}. 



u op^ u op' 



f(x) 



(x+1)- (x-1) 



2 /(Q) 



Then f £ J c " p . 

By the very definition one has the following result (see Proposition 5.7 in [5]). 
Proposition 3.2. Let f £ 3 r op . The following three conditions are equivalent: 

1) f < g; 

2) m f — m S' 



/(Q) > g(Q) 
/(*) g(t) 



Mt > 0. 

Let us give some more definitions. 

Definition 3.2. Suppose that p £ is fixed. Define X := X — Tr(pX)I. 
Definition 3.3. For A\,A 2 £ M n . sa and p £ define covariance and variance as 



Goy p (A 1 ,A 2 ) := -[Tr(pAiA 2 ) 



1 



■Tr^Ai^-Tr^^-Tr^) 



^ [Tr(p(A 1 ) (A 2 ) ) + Tr(p(A 2 ) (A 1 ) a )} = Re{Tr(p(A 1 ) (A 2 ) )}, 
Var p (A) := Cov p (A,A) = Tr(pA 2 ) - Tr(pA) 2 = Tr(p^). 

Suppose, now, that Ai,A 2 £ M n , sa , p £ and / £ "J r op . The fundamental theorem for our present 
purpose is given by Proposition 6.3 in [5], which is stated as follows. 
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Theorem 3.3. 

^(i[p, A 1 ],i\p, A 2 ]) pJ = Cav p (A u Aa) - Tr(m f ~(L p , i? p )((A 1 ) )(A 2 ) ). 

As a consequence of the spectral theorem and of Theorem 13.31 one has the following relations. 

Proposition 3.4. [5 Let {ifi} be a complete orthonormal base composed of eigenvectors of p, and 
the corresponding eigenvalues. To self-adjoint matrices A\, A 2 we associate matrices A 3 — A J (p) j = 1,2 
whose entries are given respectively by A J kl = {{Aj)Q<pk\(pi) . 
We have the following identities. 



Cov p (A 1 , J 4 2 )=Re{Tr(p(A 1 )o(A 2 )o)} = ^(A )fe + AOReK^J 

k,l 

' , 0) 'i\p,Ai],i\p,A2]) Pl , = \ ^(A fc + X^ReiA^Al} - ^m^A,;, A,)Rc{/l^ fc }. 



We also need the following result (Corollary 11.5 in [5]). 
Proposition 3.5. On pure states 

Tr(m f (L p ,R p )((A 1 ) Q )(A 2 ) ) = Q. 

4 Volume theorems for quantum Fisher informations 

If we have a matrix A = {Aki} we write for the determinant det(A) = det{Aki}. 

Let (V, g(-, •)) be a real inner-product vector space. By (it, v) we denote the standard scalar product 
for vectors u,v £ R N . 

Proposition 4.1. Let v\, ...,i>at G V. The real N x N matrix G := {g(vh,Vj)} is positive semidefinite 
and therefore det{g(vh, Vj)} > 0. 

Proof. Let x := (x ly ...,x N ) € R N . We have 

< gC^XhVi^^XhVh) = }^x h Xjg(vh,Vj) = (x,G(x)). 

h h h : j 

□ 

Motivated by the case (V,g(-, ■)) = (R N , (■, ■)) one can give the following definition. 
Definition 4.1. 

Vo\ 9 (vi, ...,v N ) := ^Jdet{g(v h ,Vj)}. 

Remark 4.1. 

i) Obviously, 

VoV(v 1 ,...,vn) > 0, 

where the equality holds if and only if v\, ...,vn £ V are linearly dependent. 

ii) If the inner product depends on a further parameter so that g ( • , • ) = g p ( • , • ) , we write Vol^ (vx , vn ) = 
Vol g ( Vl ,...,v N ). 

iii) In the case of a probability space (V,g p (-, •)) = S, p), Cov p (-, •)) the number Volp OV (A!, A N ) 2 
is known as the generalized variance of the random vector (Ai, A^). 

In what follows we move to the noncommutative case. Here Ax, ...A^ are self-adjoint matrices, p 
is a (faithful) density matrix and <?(•, •) = Cov p (-, •) has been defined in (|3.3p . By Vol? we denote 
the volume associated to the quantum Fisher information (•, -) p j given by the (regular) normalized 
symmetric operator monotone function /. 
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Definition 4.2. 

The function 



I'M) ■■= l ^VolfJi[ P ,A]) = M t 



is known as the metric adjusted skew information or /-information (see |13j [5]). 

Let N € N, / £ JJp, p € Djj and Ai, An € M njS „ be arbitrary. We shall prove in Section [5] the 
following results. 

Theorem 4.2. 

N_ 

Volf"(Ai,...,A N )> fffl) 2 Vol^ilp.Ai],...,^,^]). (4.1) 

Theorem 4.3. T/ie above inequality is an equality if and only if A\ , Anq are linearly dependent. 
Theorem 4.4. Fix N € N, p € and A u ...,A N € M n , sa . De/me for f <E 3^ 

— 

V(f) := (^J 2 Vol^, M 

T/ien, /or any /, .g <E J r p 

/ < 5 > V(g). 

Remark 4.2. The inequality 

det{Cov p (A h ,Aj)} > detjCov^Aft,^) -Tr(m / (i p ,i2 p )((Afc) )(A i )o)} • 

makes sense also for not faithful states and it is true by continuity as a consequence of Theorem 15.11 

Because of Proposition 13.51 one has (by an obvious extension of the definition) the following result. 
Proposition 4.5. If p is a pure state then ViV € N, V/ £ 3^, VAi, An £ M n>sa one has 

N_ 

Vol^(A 1 ,...,A N ) = (^j 2 Vol^i^Ai],...,^,^]). 

5 Proof of the main results 

Theorem 5.1. 



— 

Vol^(A 1 ,...,A N )> (ffl) 2 Vol{ > (i[p,A 1 ],...,i[p,A N }) 



Proof. Theorem 15. II is equivalent to the following inequality 



det{Cov p (A h ,Aj)} > det \^-(i\p, A^ifoA^pj 



If p and Ai, An are fixed set 



F(f) := det{Cov p (A h , A,)} - det j^(z[p, A h ],i[p, A,-]) Pi/ 



Because of Theorem 13.31 one has 

F(f) = det{Cov p (Ah, A j)} - det [CoY p (A h , Aj) - Tr(m f (L p , fl p )((A ft ) )(A i )o)} 
Theorem 15. II is equivalent to 

F(f) > 0. 



From Proposition ^. 41 we have 



Cav p (A h , A,) = Re{Tr(p(^)o(^)o} = \ J>fc + A,)Be«Af J 

k,l 

ffl(t[p, Mifo - J E( A * + a om44} - E m /( A *> *0M-a«4J- 



fc.i 



We have 



F(f) 



E s s ncr 

E sgncr£ CT , 



JV 



A r 



ncov p (A„^ W ) - n ^-{i[p,^],i[p,Mj)}) 



3 = 1 



3 = 1 



where 



N n , . N n 

nE^M^r^-nE 



Aft + A; 



j=l k,l=l 3=1 k,l=l 

From the Definition 18.21 we get (applying Proposition 17. 31 to the case X = n) 



AT n 



AT n 



nE^w; (i) }-nE 



j=i k,i=i 



X k + Xi 



m f ~(X k ,Xi) 



N 



e n 

a,f3eC li=l 



j = l fc,i=l 



A 



i=i 



A Q , + A/3, 



'" /(-V, , a ; 



E 

a, pee 

E 

a,pee 



A ! 



AT r 



II ' II 



AT 



J'=l 



A Qj + Xp 3 



™;(A Qj , A ft . ) 



N 



IIM<^£} 



3 = 1 



TT + A ft A 1 ^ + A ft _ q x 
11 o 11 o mfiXa^Xp, 



3 = 1 



3 = 1 



N 



AT 



E II in-"; :-*?::\- 

a, pee j=i 



Hence, applying Proposition [731 to the case G = S N ,X = QxG and r(x) := r(a,f3) := det S"-' 3 
and Proposition 18.41 we get 



A? 



<reS N a, pee z=l 

Af 

= E </3 E sgaall^U^Sj 



a,/3GC aeS N i=l 

E <,det23^ 

4i E </3 E det03-^ 
a, pee o-eSjv 

E 

a,pee 



N\ 
1 

iV! 



s 



By Corollarv l8.31 ~ is strictly positive; on the other hand, Lemma l9. 21 ensures the nonnegativity 
of K at p, so that we can conclude. □ 

Theorem 5.2. The inequality 

N 

Vol^(A 1 ,...,A N )>(^yVol{ ) (i[p,A 1 ],...,i[p,A N }) ViVeN + , V/ej; 

is an equality if and only if (Ai) , (Apf) Q are linearly dependent. 
Proof. Since 

Cov p (Ai,A 3 ) = Tr(p(A 1 ) Q (A 2 ) ) = Cov p ((v4i) , (A 2 ) Q ) 

we have that 

Cov p (Ai,A 2 ) = Cov p ((Ai)o,(A 2 )o). 

From this it follows 

Vol^^, ...,A N ) = Vol^ ov ((A 1 ) , . . . , (A N ) ) 
Therefore if (A\) , . . . , (4zv)o are linearly dependent then 

— 

= Vol^CAOo, . . . , (A JV ) ) - Vol° ov (A, A*) > ^fflj 2 Vol£(t[p, Ax], A N }) > 
and we are done. 

Conversely, suppose that (A±)o, . . . (Ajv")o are n °t linear dependent; then we want to show that 
F(f) > 0. Since for any a, (3 £ G, H a ^ is strictly positive and K a< p is nonnegative, this is equivalent to 
prove that K a p is not null for some a, (3 £ 6. Because of Lemma 19.21 this is, in turn, equivalent to show 
that det(C u ^A^. i/3 ) is not null for some a, /3 e C and u 6 {0, 1}—. This is a consequence of Corollary 
I9~l 

□ 



Theorem 5.3. Define 



— 

V(f) := (^) 2 Vol^M...,^,^]). 



TVien 



Proof. Because of Proposition [HH] and Proposition 18. 2[ one has that 

/<fl 0<</j<</j- 
Since -f^ Q ,/3 > does not depend on / and 

' a,/3ee 

we get that 

< F(f) < F(g). 

By definition of F, we obtain the thesis. □ 
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6 Relation with the standard uncertainty principle 

Theorem 6.1. (Hadamard inequality) 

If H € Mpf sa is positive semidifinite then 



N 



det(H) \[h r 

3 = 1 



Theorem 6.2. Let f £ 5FL,. The inequality 



/(0) 



(i&AhlifoA^pj > deti--Tr(p[A h ,A j ]) 



det 



is (in general) false for any N = 2m. 

Proof. Let n = N — 2m. By the Hadamard inequality it is enough to find A\, An G Af/v, S a and a 
state p £ such that 

N 



Hl^A,-) <det\--Tr{p[A h ,A j }) 



(6.1) 



Let p := diag(Ai, Ajv), where Ai < A2 < . . . < Ajy- The aim is to construct A±,...An that are 
block-diagonal matrices, each matrix consisting of exactly one non-null block equal to a 2 x 2 Pauli 
matrix. 

More precisely, given h = 2q + 1, where q = 0, ... N — 1, define the Hermitian matrices Ah and 
Ah+i such that {A h )hh+\ = i = {A* h ) h +ih, (A h+1 ) hh+1 = 1 = {A h +x)h+\h and {Ah) hi = {Ah+x)kl = 
elsewhere. 

Since the state p is diagonal and Ah are null diagonal matrices, Ah = A , where (A h )ki — ({Ah)o<fik, <l>i) 
is defined as in Proposition ^. 41 Therefore, say, if h is odd one obtains from Proposition 13.41 



lf Mh) = \Y,^k + h)\A h H \ 2 - Y,™f(^h)\A 

k,i k,i 
= X h + Xh+i — 2m^{Xh, Xh+i) 



h |2 

ki\ 



i f Mh+x). 



Suppose now that h is odd and h < k. We have 

Ti{p[A h ,A k ]) = y pji{{A h )i m {A k ) mj - {A k )i m {A h ) m j) 
j,l,m 

= Xj { {Ah )jm {Ak)mj — (Ak)jm(Ah)mj) 

= ^ ) Xj{{Ah)jm{Ak)mj — {Ak)jm(Ah)mj) 
j,m 

= 2i(X h -X h+l )5 h k +\ 

where <5jj +1 denotes the Kronecker delta function. We have that Tr(p[Ah, A k ]) : 
therefore, 



--Tr{p[A h ,A j ])\ = 



( A1-A2 ... 

A2-A1 A2-A3 ... 
A3-A2 ... 



Tr(p[A fe ,^]) and 



Aat_i — Xjy 

Xn — Ajv-i 
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so that 



det LlTr(p[A h , Aj])\ = JJ (X h+1 - A h ) 

^ J h ^ AT h—0„^l 



h<N, h=2q+l 

Finally, since for any / 6 3^ the function •) is a mean, one has Ah < mj(Ah, A/ l+ i) < Ah+i- This 

implies, for any odd h, 

I I (Ah) = I f p (Ah+i) = Ah + A h +i - 2m / ~(A^, Xh+i) < A h +i - Ah, 
so that one can get (|6.ip by taking the product over all h. 

□ 

Theorem 6.3. Let f G 3^. The inequality 

detS.^-(i[p,A h ],i[p,A j ]) Ptf ^ < det|-|Tr(p[A h) ^]) 
is general) false for any N = 2m. 

Proof. It suffices to find selfadjoint matrices A\ , . . . An which are pairwise commuting but not commuting 
with a given state p and such that [p, A{\, . . . [p, An] are linearly independent. 

Consider a state of the form p = diag(Ai, A n ) where the eigenvalues Aj are all distinct. 

Let Ax, ■ ■ ■ An € ^Vt n ,sa(K) be N linear independent symmetric real matrices such that (Aj)^k = for 
any j = 1, . . . N and k = 1, . . . , n. Note that the linear independence of A\, . . . An implies the condition 
n(n- l)/2 > N. 

Obviously, [Aj, A m ] = for any j, m = 1, . . . N, while a direct computation shows that 

n n 

([p, A j])ki = Yl pkh ( A ^ hi ~^l( A ^ khphi 

h=l h=l 

= (Aj) k i(A k - A/) 

Observe that also [p, A±] . . . [p, An] are linear independent. Suppose, in fact, that there exists a vector 
a S 1* such that 

N 

^2 a j[p, A j] = o, 

that is, for any k, I = 1, . . . n 

N N 

= J2 a j([P, A j])ki = (Afc - Ai)J2 a i( A j)ki- 

3=1 3=1 

This implies that Y) j aj(Aj)ki = 0, and hence a = 0, because of the linear independence of Ai, ... An- 

□ 

7 Appendix A: combinatorics 

Set n := {1, n}. Moreover define 

6 :=n—= {(x-l, . . .,x N ) : Xi € {l,...n}, i = l,...N}. 
One can prove the following result. 
Proposition 7.1. For a finite set X C N cmd iV £ N + one has 

N N 
3=1 keX u&XlL j=l 
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C k (z) :-- 



For z £ C we shall introduce the operator 

Rc(z) if k = 0, 

Im(z) if fc = 1. 

Taking X = {0, 1} and = C k \z,j)C k (wj) in Proposition Owe get 
Corollary 7.2. If Zj,Wj £ C i/ien 

n( E c fc (^)c fe K-)]= E (nc^^oc^K) 

3=1 \fce{0,l} / «£{0,1}^L \3=1 

With similar arguments it is possible to prove the following result. 
Proposition 7.3. For a finite set IcN and N £ N + one has 

n(£<&)= e (n^o) 

The following result is obvious. 
Proposition 7.4. Lei X be a finite set and g : X — > X a bijection. For any function r : X — > K one 



From the above result one obtains the following 

Proposition 7.5. Lei X 6e a finite set and let G be a group of bisections g : X — > X . For any function 
r : X — > M one /ias 



xex HV ; sejsf 9 eG 

We denote by S N the symmetric group of order N. 



Example 7.1. The set X := {0,1}— can be identified with the power set of N. If u £ {0,1}— and 
a £ Sn the a can be seen as a bijection a : X — > X defining o~(u) := u o a. 

From the above considerations we get the following Lemma. 

Lemma 7.6. For any function r : {0, 1}— — * R and for any a £ Sn one has 

£ r(u) = r ( a ( u ))- 
ue {o,i}« ue{o,i}-^ 

Remark 7.1. If E = {Ejk} and E(a) := {E a ^ k } one has 

det(E{a)) = sgn(a)det{E) . 
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8 Appendix B: the function H 

Let R + := (0, +oo) and x = {x u ...,x N ),y = (y 1} ...,y N ) € R+. 
In the sequel we need to study the following function. 

Definition 8.1. For any f 6 3^, set 

N.N,, \ 

^(x,y) : II ^ - II ( ^ - »)) 

2=1 j=i ^ ' 

Proposition 8.1. For any J £ JT,, x,y£ 

ff'(x,y) >0. 



Proof. Since for any x, y 6 itv , 

< ro/fo.iy) < ?±±y±, j = l, ... TV, 

we have 

JV / x AT 

Xj + yj 



n(^— /(^))<n > ■ 

2=1 v 7 2=1 

so that we can conclude. □ 

Proposition 8.2. 

^(x,y)<^(x,y) VxjeM™. 



Proof. Since for any x, y > 

— m/ (*, y ) = ^_ ._, (8.1) 



we have 

Because of Proposition 13.21 we have 



f(t) 9{t) 

hence, we obtain 

Jl/(x,y)< JJ»(x,y) VxjeRf 
by elementary computations. □ 
Corollary 8.3. For any f 6 3 op , 

1 N 

0< tf 5iD (x,y) <i^(x,y) < — Vx,y£ 

2=1 
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Definition 8.2. Fix (Ai,...,A„) G . Giuen a,/3 G 6 = n K , let H f a j3 := H f (X a ,X ), where X a := 
(A Ql , . . . , X aN ), Xfj := (Xfj 1 , ... , Xfj N ). 

Proposition 8.4. For all a G S N one has 

— 

a(a), 13(a) ~ ot,/3 ' 

Proof. Left to the reader □ 

9 Appendix C: the function K 

In order to prove the main result of this paper, we introduce some notations. Let {<fii} be a complete or- 
thonormal base composed of eigenvectors of p, and {A^} the corresponding eigenvalues. As in Proposition 
GO set 

■^H : = ((^)o ^l^i) j = L---, ^; k,l = l,...,n. 

Note that since the Aj are selfadjoint one has Aj., — A\ k namely 

Re ( A L) = M<) Im(4 ; ) = -lm(0 

Since 

Re(zui) = Re(z)Re(u;) — Im(z)Im(w) 

we have 
Lemma 9.1. 

Re(4i-AJ*) = Re(^)Re(^) + MOM-AS) 
If a, /3 G C = n— and cr G S N we define a TV x N matrix S Q <" fc setting 

(* a " P ') hj : = M = 1, = i,...,n 

When cr := 7 is the identity in Sat, we shall simply denote by A a ,p and 23"'^ the corresponding 
matrices. 

Definition 9.1. 

^:=if Q ^(p;^i,...,A w ):= ]T det (2°"""-) 

Definition 9.2. If u G {0, 1}— and a,/? G n— we define an N x N matrix setting 
£>(«; a, 0) := a, /3) hj } := {C^U^.} ft, j = 1, ^ 

Proposition 9.2. We have 

K a . = det(D(u;a,(3)) 2 > 0. 

ue{o,i} iv 

so i/iai i^a,/3 > 0. 

Proof. Applying: 

i) Lemma HH1 

ii) Corollary O 

iii) Lemma 17.61 
to the function 

r(u) = r„ r („) := f[ C^A^^C^A^^, 

3=1 
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we get 



K a ,p = E detS 



a<r A 



N 



E E sgnrn^'^ 



V V sgnrTTRe^ B A T g U) a } 



AT 

creS N tGSn 3 = 1 

N 

= y y sgnrTTfRe^ - Re^ (j) - + Im/H - ImA" 0) 

uESjy tSSiv 3=1 
= E E S S nT II E GUA a aU) ,p aU) ' C^a^A., 

<tss n tes» i=i \«e{o,i} 

AT 

= y y sgnr y ne^vi- fl c ^x 0) fl 

/ - ' t ° L I 11 Q <r(j) ,P<7(j) a <yU):Pa(j) 

<tss n tsSjv ue{o,i}^i=i 

AT 

= y y S gnr y rrc«w»< fl c ^»<w fl . 

i. I i. I i. I 11 a &(j) 'Pa(j) a <rU)<P<rU)' 

<t£S n tGSjv ue{0,l}Jli=l 



Hence, by Remark 17. II 

K aJ3 = E dct ^ a " P " 



y y y sgnrffc^u^ B ffc^u^ , 

/ < / J i. < 11 a <rU)'P"U) 11 a <r()i) >P<r(fe) 

ne{0 : l} N crSSiv TGSiv J=l fe=l 

Ar Ar 

E E II C u(<t(j) U^ (j) Ao) sgn. y sgnr C" Wh)) <U 

ue{o,i} N creSjv j=i tgSjv fc=i 

AT 



e e s ^n cuWi)) < (J) ,/^ ( s s- det { c " (cr(ft)) < w .^ w }) 

1{0,1} N \<t£S n j=l J 

y det{c^)<, ft }det{c«W< A } 



«G{0,1} 

y (det{c«0)< !ft } 

«6{0 : 1}« 

y det(D(w;a,/?)) 2 . 



□ 



Lemma 9.3. If A 1 , . . .A E M„ iM are linearly independent then there exist a, (3 € 6 and u G {0, 1}— 

det{G««^ A .}^0. 

Proof. Note that the independence hypothesis implies TV < dimK(M„ jSa ) = n 2 . Therefore the N x n 2 
matrix 



/ A\i . . . A\ n A\ x . . . A 2n . . . A x nl . . . A nn \ 

"^11 ' ■ ' 1/1 Ira ■ n 21 ■ ■ ■ ' /i 2n ■ • • ■"nl • • ■ ^rara 
\ Sin ■ ■ ■ -"Ira -^21 ■ ■ ■ ' /t 2n • • • -^nl ' • ■ ■ n nn / 
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has rank N because it has N independent rows. This means that there exists N columns that are linearly 
independent and this is equivalent to say that there exists a, (3 G C such that the matrix 



A 2 


a l 

/)2 


.. A 


i A N 




.. A 



2 



N 



\ 



has rank N . This implies that the N x 2 AT matrix 



ReA 



1 

2 

ai/3i 




Re ^a2/32 
Re/l a2/32 


ImAi „ . 
Ira/I* „ . 

Q2P2 


QiVPJV 


1mA 
1mA 


N 

a 1P1 




Re.A% 

«2P2 


1mA" a . 

a 2 P2 


a N p N 


1mA 



1 

aNPh 

2 

a-NPh 



N 

a-NPh 



) 



has rank AT because it has AT indipendent rows. Therefore this matrix must have also N independent 
columns. This last assertion it is equivalent to the desired conclusion 

□ 

Corollary 9.4. If (-Ai)o, (-Ajv)o € Mn,sa are linear independent then there exist a, (3 S C and u G 
{0, 1}^ such that 

det(D(u;a,0)) = det{C" w U£. >/3 .} ^ 0. 



Proof. By definition of A- 5 1 , j = 1 , 



, N, observe that the hypothesis of linear independence of 
(Ai)o,...,(A N ) 



implies the linear independence of 
Hence, by Lemma 



j\ , . . . <s\ 

there exist a, (3 G C and tt G {0, 1}— such that 



det(D(u;a,(3)) = det{C uW U^. i/3j } 7^ 0. 



□ 
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